In this paper, we investigate the impact of environmental factors on the dynamical transmission of cholera within a human community. We propose a mathematical model for the dynamical transmission of cholera that incorporates the virulence of bacteria and the commensalism relationship between bacteria and the aquatic reservoirs on the persistence of the disease. We provide a theoretical study of the model. We derive the basic reproduction number R 0 which determines the extinction and the persistence of the infection. We show that the disease-free equilibrium is globally asymptotically stable whenever R 0 ≤ 1 , while when R 0 > 1 , the disease-free equilibrium is unstable and there exists a unique endemic equilibrium point which is locally asymptotically stable on a positively invariant region of the positive orthant. The sensitivity analysis of the model has been performed in order to determine the impact of related parameters on outbreak severity. Theoretical results are supported by numerical simulations, which further suggest the necessity to implement sanitation campaigns of aquatic environments by using suitable products against the bacteria during the periods of growth of aquatic reservoirs.
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Introduction
Cholera was largely eliminated from industrialized countries by water and sewage treatment over a century ago. Today, it remains a significant cause of morbidity and mortality in developing countries, where it is a marker for inadequate drinking water and sanitation infrastructure. After several years of steady increase from 2007, the number of cholera cases reported by the World Health Organization (WHO), as well as the number of countries which reported cholera cases, showed a considerable decrease [1] . Yet, the disease is still a threat to many countries. For instance in 2012 alone, a cumulative total of 245,393 cases, including 3034 deaths with a case-fatality rate of 1.2%, were reported by WHO from all continents. This involves 48 countries among which, 27 from Africa, 12 from Asia, 6 from Americas and 3 from Europe and Oceania. Furthermore, the recent cholera outbreaks in the following countries led to a large number of infectious and deaths [1] : Angola (2012), Cameroon (2010 Cameroon ( -2012 , Congo (2008 Congo ( , 2012 , Haiti (2010 Haiti ( -2011 , India (2007), Iraq (2008, 2012) , Kenya (2010) Vibrio cholerae ( V. cholerae ) is a Gram-negative, comma-shaped bacterium that causes cholera in humans. Cholera is an acute intestinal infection caused by the ingestion of contaminated foods and water with V. cholerae bacterium. Among the 200 serogroups of V. cholerae , only V. cholerae O1 and O139 are responsible of cholera disease [2] . The etiological agent passes through and survives the gastric acid barrier of the stomach and then penetrates the mucus lining that coats the epithelium [3] . Once they colonise the intestinal gut, they produce enterotoxin (which stimulates water and electrolyte secretion by the endothelial cells of the small intestine) that leads to watery diarrhea. If left untreated, it leads to death within hours. In human volunteer studies, the infection dose was determined to be 10 8 − 10 11 cells [4] . Cholera is characterized, in its most severe form, by the sudden onset of acute watery diarrhea that can lead to death by severe dehydration. V. cholerae can stay in faeces without losing its infectious ability for 7-14 days and shed back to the environment. The main reservoirs of V. cholerae are people and aquatic sources.
It has been discovered that environmental aquatic bacteria such as V. Cholerae O1 and V. cholerae non-O1 have ability to survive to the stress caused by the variation of some environmental factors, such as temperature, pH or the lack of nutritional resources [5, 6] . The adaptation of these bacteria to their environment will lead to metabolic and phenotypic changes that will condition their survival; what can be compared to a phenomenon of dormancy. Cells are considered "viable but non-culturable " (VNC) because the main effect of this change is the loss of the ability to be cultivated on a bacteriological culture medium [7] . This dormancy state has been considered for many species of bacteria as a survival strategy in the natural environment [5, 6, [8] [9] [10] . The state change to the cultivable state is possible particularly if the factors causing stress become favorable to the development and growth of the bacterial population. This phenomenon implies to reconsider the thinking concerning the survival of pathogenic bacteria scattered into the environment and its dynamics in the aquatic ecosystem. This cell viability (VNC) is considered as a possible hypothesis at the origin of "disappearance" of the bacteria of the aquatic ecosystem during the colder months. Also, in the aquatic environment, V. cholerae has been reported to be associated with a variety of living organisms, including animals with an exoskeleton of chitin, aquatic plants, protozoa, bivalves, waterbirds, as well as abiotic substrates (e.g. sediments). Most of these are well-known or putative environmental reservoirs for the bacterium, defined as places where the pathogen lives over time, with the potential to be released and to cause human infection. Thus, the bacteria are strongly associated with the population of phytoplankton and zooplankton organisms forming commensal, antagonism, parasitism, competition, or symbiotic relationships. In this work, we will focus on the commensalism relationship between phytoplankton and V. cholerae . This commensalism relationship greatly enhances the bacterium's ability to survive in an aquatic environment, as the exoskeleton provides the bacterium with an abundant source of carbon and nitrogen.
The dynamics of cholera are complex due to the multiple interactions between the human host and the pathogen in the water environment [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , which contributes to both direct and indirect transmission pathways. Many studies supported that V. cholerae O1 and O139 are commensal to crustacean zooplankton, notably copepods, which are present both in their gut and in biofilms on their chitinous surfaces [10] [11] [12] [13] [14] [15] [16] [17] . Furthermore, V. cholerae is present throughout the year in and on its zooplankton host, and V. cholerae serogroup O1 has been shown to attach preferentially to zooplankton, but also to some species of phytoplankton in waters [16] . Its commensal existence provides protection from grazing by heterotrophic nanoflagellates and also from toxic chemicals, including those used to disinfect drinking water, such as alum and chlorine [17] . V. cholerae, like all Vibrio species, produces chitinase(s), with chitin serving as a nutrient source [18] . Also, Kirschner et al. demonstrated that association with zooplankton is important for V. cholerae non-O1/non-O139 serogroup isolates endemic in Neusiedler See, a large, shallow, moderately saline-alkaline lake in Central Europe [14] . A significant correlation was observed between the seasonal pattern in frequency of occurrence of V. cholerae and increased zooplankton biomass [14] . A deep understanding of the disease dynamics would have a significant impact on the effective prevention and control strategies [18, 19] . Mathematical modeling and numerical simulations have the potential, and offer a promising way, to achieve this. Many efforts have been and are still being devoted to the modeling of this disease. For a chronological history of the modeling of cholera, we refer the reader to the work [21] which mentions the first mathematical model developed in [20] [21] [22] [23] [24] [25] . Some theoretical studies have been carried out on the mathematical modeling of cholera transmission dynamics [26] [27] [28] [29] . To our best knowledge, none of these mentioned works on cholera models have considered the change of metabolism of bacteria and the commensal relationships between bacteria and the population of phytoplankton and zooplankton.
In this paper, we explore the impact of environmental factors on the dynamical transmission of cholera within a human community. We formulate a mathematical model for cholera disease, which incorporates some key epidemiological and biological features of the disease such as the waning of recovery-induced immunity of recovered individuals, the virulence of bacteria and the commensal relationships between bacteria and the population of phytoplankton and zooplankton. We present the theoretical analysis of the model. We compute the disease-free equilibrium and derive the basic reproduction number R 0 that depends on the rate of appearance and loss of virulence of bacteria and the carrying capacity of the population of phytoplankton and zooplankton. We do an in-depth analysis of the global asymptotic stability of the disease-free equilibrium and the local asymptotic asymptotical stability of the endemic equilibrium. The sensitivity analysis of the model is carried out to identify the most influential parameters on the model output variables, that is the most robust estimations that are required. Numerical simulations are presented to support the theory and to get insight on the role of the virulence of bacteria and the commensal relationship between bacteria and the population of phytoplankton and zooplankton on the dynamics of the disease. Through numerical simulations, we found that the virulence of bacteria can increases the number of infected individuals and the mechanism of interaction between V. cholerae and environmental reservoirs would be the critical factor in the hatching of these bacteria in the environment.
The rest of the paper is organized as follows. After the formulation of the model in Section 2 , we present its quantitative and qualitative analysis in Section 3 . Numerical simulations are provided in Section 4 . The last Section is devoted to concluding remarks on how our work fits in the literature.
Model formulation
We consider a heterogeneous population formed of humans, vibrio cholera and environmental reservoirs (i.e. the population of phytoplankton and zooplankton). The proposed model classifies the human population according to their disease status, namely: susceptible individuals S , symptomatic infected individuals with cholera I 1 , asymptomatic infected individuals with cholera I 2 and recovered individuals R . Thus, the total human population at time t is given by
(1)
The population of bacteria is divided into four subclasses with different properties: free virulent bacteria F V (i.e. free in the environment and can infect susceptible individuals), free benign bacteria F B (i.e. free in the water but cannot infect susceptible individuals), environmental virulent bacteria E V (i.e. fixed in aquatic resources and can infect susceptible individuals) and environmental benign bacteria E B (i.e. fixed in aquatic resources and cannot infect susceptible individuals). Thus, the total population of bacteria at time t is
The populations of phytoplankton and zooplankton at time t is denoted by P ( t ).
Susceptible individuals are recruited through birth and immigration at constant rate . The source of infection is through oral ingestion of faecal contaminated water or food. Susceptible individuals may become infected either by contact with infected individuals or by ingestion of V. Cholerae content in the surrounding waters, infected fruits, vegetables and crustacean.
Thus, the infection is regulated by the exposure with free pathogenic vibrios and infected water food at rates β F and β E per unit of time through the logistic dose-response
where K F and K E are respectively, the concentrations of free virulent and environmental virulent bacteria that yield 50% of chance for a susceptible individual to catch the infection [22] . Also, infected individual generates secondary infections through direct contact with susceptible individuals at rate β I (I 1 + I 2 ) /N, where β I is the human-to-human per capita contact rate per unit time. Thus, the force of infection is
We assume that a proportion p of newly infected individuals becomes symptomatic infected individuals and the complementary part (1 − p) becomes asymptomatic infected individuals and enters the I 2 class. Once infected, asymptomatic and symptomatic individuals I 1 and I 2 can recover from the disease at constant rates r 1 and r 2 , respectively. As suggested by many studies in the literature, recovered individuals may only have partial immunity [2, 25, 30, 31] . Since the recover from the disease does not confer a total immunity to recovered individuals, recovered individuals loss their protection and return to the susceptible class S at rate δ. However, it is important to point out that there is no yet a vaccine inducing a long-term protection against cholera [31] . [12] . We assume that free virulent and benign bacteria, i.e. those in the their commensal relationship with the populations of phytoplankton and zooplankton. We assume that the population of phytoplankton and zooplankton experiences a logistic growth with a carrying capacity M p and maximum growth rate r .
The structure of the model is shown in Fig. 1 . The dashed arrow indicates contamination of the environment by infected humans. The dynamics of the disease can be described by the following system of non linear differential equations:
where λ is defined as in Eq. (3) ,
First of all, let us recall some useful results that we will use in the sequel.
Definition 1. Consider the following systems in
where f and g are continuous and locally Lipschitz functions in x so that the solutions exist for all t ≥ 0. System (5) is called asymptotically autonomous with limit system (6) 
Lemma 1 [32] . Let x e be a locally asymptotically stable equilibrium of (6) and ω the ω-limit set of a forward bounded solution x ( t ) of (5) . If ω contains a point y 0 such that the solution y of (6) , with y (0) = y 0 converges to x e as t → ∞ , then ω = { x e } , i.e.
Corollary 1 [32] . If the solutions of system (5) are bounded and the equilibrium x e of the limit system (6) is globally asymptotically stable, then every solution x ( t ) of the system (5) satisfies x ( t ) → x e as t → ∞ . 
Assumed
Since P * = M p is a globally asymptotically stable equlibrium of the population dynamics of phytoplankton and zooplankton ˙ 
where
The parameter values used for numerical simulations are given in Table 1 .
Mathematical analysis

Basic properties
Positivity of solutions
We investigate the asymptotic behavior of orbits starting in the nonnegative cone R 8 + . Obviously, model system (7) which is a C ∞ differential system, admits a unique maximal solution for any associated Cauchy problem. 
) , F B (t) , E V (t) , E B (t))) the maximal solution of the Cauchy problem associated to model system
Integrating Eq. (8) from 0 to ˜ T yields
Similarly, one can show that
This is a contradiction. Then, ˜ T = T and consequently the maximal solution (
T of the Cauchy problem associated to model system (7) is positive. This achieves the proof.
Invariant region
We first split model system (7) into two parts, the human population (i.e. S ( t ), I 1 ( t ), I 2 ( t ) and R ( t )) and the pathogen population (i.e. F V ( t ), F B ( t ), E V ( t ) and E B ( t )). Then, using model system (7) , the dynamics of the total human population satisfy
Integrating the above differential inequality yields
. Now, using the fact that
where B (0) represents the initial value of B ( t ). It then follows that
. Thus, the region:
is positively invariant and attracting for model system (7) . Then, it is sufficient to consider the dynamics of the flow generated by model system (7) in .
Remark 1.
Every maximal solution of model system (7) are global.
Disease-free equilibrium and its stability
Model system (7) has a disease-free equilibrium obtained by setting the right-hand side of equations in model system (7) to zero with I 1 = I 2 = 0 . The disease-free equilibrium is
The linear stability of Q 0 is governed by the basic reproductive number [36, 37] . The stability of this equilibrium will be investigated using the next generation operator [38, 39] . Using the notations in van den Driessche and Watmough [39, 40] for model system (7) , the Jacobian matrices F and V at the DFE for the new infection and remaining transfer terms are, respectively given by
Following Van den Driessche and Watmough [39] , the basic reproduction number of model system (7) is
where ρ(F V −1 ) is the spectral radius of the next generation matrix F V −1 , R 01 and R 02 are respectively, the symptomatic infection and asymptomatic infection induced basic reproduction numbers given by
The threshold quantity R 0 measures the average number of new cholera infections generated by a single infective in a completely susceptible population without any intervention.
The relevance of the reproduction number is due to the following result established from Theorem 2 in [39] .
Lemma 2. The disease-free equilibrium Q 0 of model system (7) is locally asymptotically stable in whenever R 0 ≤ 1 and unstable whenever R 0 > 1 .
The biological implication of Lemma 2 is that a sufficiently small flow of infectious individuals will not generate outbreak of the disease unless R 0 > 1 . For a better control on the disease, the global asymptotic stability (GAS) of the DFE is needed. Actually, enlarging the basin of attraction of Q 0 to be the entire is, for the model under consideration a more challenging task involving relatively new result. We use the result of Kamgang and Sallet [41, 50] for the global stability of the diseasefree equilibrium for a class of epidemiological models.
Using the result of Kamgang and Sallet [50] , model system (7) can be written in the following form: 
e. the points where the maximum is realized are contained in the disease-free sub-manifold). The result of Kamgang-Sallet approach [50] uses the algebraic structure of model system (15) , namely the fact that A 1 ( x ) and A 2 ( x ) are Metzler matrices. Since in the said approach the matrix A 2 ( x ) is required to be irreducible, we further restrict the domain of the system to: 1 ) . Indeed, from the first and fourth equations of model system (7) , one has S > 0 and R > 0 whenever S = 0 and R = 0 . Therefore, we restrict the domain of system (15) The sub-system:
Resolving the above equations and taking the limit of solutions when t go to infinity yields 
Then, the hypothesis H 2 is satisfied. The theorem of Kamgang and Sallet (see [50] , Theorem 4.3) gives the GAS of the DFE of a dissipative system of the form (15) which satisfies (17) and (19) provided there exists a matrix A 2 ( x ) with the following additional properties:
The equality A 2 (x ) = A 2 is possible only when S = N = S 0 and F v = E v = 0 which implies that x i = 0 . Therefore, the first and second conditions in (20) hold. Note that Ā 2 is a Metzler matrix which satisfies the stability condition of Kamgang and Sallet [50] . Now, using the fact that
From the above expression of Ā 2 , one can observe that there is a maximum which is uniquely realized in D at Q 0 and this maximum is then the block of the Jacobian of model system (15) at the disease-free equilibrium Q 0 , corresponding to the matrix A 2 ( x ), and the condition H 4 is satisfied. Now, we check the condition H 5 . Note that the condition ρ( A 2 ) ≤ 0 implies that A 2 is a stable Metzler matrix. We show in Appendix A that the condition ρ( A 2 ) ≤ 0 is equivalent to R 0 ≤ 1 .
We can now apply Theorem 4.3 in Kamgang and Sallet [50] and conclude that the disease-free equilibrium (x 0 s , 0) is GAS in D. From Eq. (16) , for the points of D where x s = 0 , and the disease-free equilibrium is GAS on .
We have established the following result about the global stability of the disease-free equilibrium Q 0 .
Theorem 2.
The disease-free equilibrium point Q 0 of model system (7) is globally asymptotically stable in if R 0 < 1 and unstable if R 0 > 1 .
Endemic equilibrium and its stability
be any endemic equilibrium (EE) of model system (7) 
where 
and
From the second equation of (23) , using the expression of S * defined as in Eq. (23) , one has
because 1 − 
The coefficient c 4 of the polynomial equation (25) is always non-negative and c 0 is positive (negative) if R 0 is less than (greater than) the unity, respectively. It is established in Appendix B that when R 0 > 1 , the coefficients c 1 , c 2 and c 3 are negative. Then, using the Descartes Rules of Signs, we have established the following result. 
Proposition 1. Model system (7) has exactly one endemic equilibrium whenever
In order to analyze the stability of the endemic equilibrium point of model system (7) , we make use of the Centre Manifold theory [42] as described by Theorem 4.1 of Castillo-Chavez and Song [43] stated in Appendix C for convenience to establish the local asymptotic stability of the endemic equilibrium Q * of model system (7) .
The following result has been established.
Theorem 3.
The endemic equilibrium Q * of model system (7) is locally asymptotically stable in when R 0 > 1 but close to 1.
Numerical studies
In this section, we give numerical simulations that support the theory presented in the previous sections.
Sensitivity analysis of model's parameters
We carry out sensitivity analysis to ascertain the uncertainty of the parameters to the model output. This is vital since it enables us to identify critical input parameters that should be the center of focus if the disease is to be contained. Sensitivity and uncertainty analysis are performed using the Latin hypercube sampling (LHS) scheme, a Monte-Carlo stratified sampling method that allows us to obtain an unbiased estimate of the model output for a given set of input parameter values. The parameter space is simultaneously sampled without replacement and assuming statistical independence between the parameters. The selected sample is used to compute unbiased estimates of output values for state variables. We use a predefined variation of the model parameters at 10% and 50% relative to the referential values. Using algorithm from [44] , we compute the partial ranking correlation coefficient (PRCC) of parameters against model's variables S, I 1 , I 2 , R, F V , F B , E V , E B . We use a fairly large sample of size N = 10 0 0 to identify relationships between parameters and output variables. A positive (negative) correlation coefficient corresponds to an increasing (decreasing) monotonic trend between the model's variable and the parameter under consideration.
Note that, one parameter in Tables 2 and 3 is said "significantly correlate to one state variable" if absolute value of PRCC is more than 0.5 and p -value < 0.001. Table 4 presents the six most influential parameters of model system (7) . According to the result obtained in Table 4 , the parameters μ h , β F , μ b , α 2 , β I and r 2 are the six most influential parameters of model system (7) . This suggests that effective control strategy would be the implementation of intense awareness campaigns of the population on the risks of contact transmission which should be combined with a fast strategies of treatment and of isolation of infectious symptomatic. 
General dynamics
Numerical simulations using a set of reasonable parameter values in Table 1 are carried out for illustrative purpose and to support the analytical results.
The associated bifurcation diagram using the parameter values of Table 1 is depicted in Fig. 2 . From this figure, it clearly appears that model system (7) exhibits a forward bifurcation, that is the disease-free equilibrium is stable if R 0 ≤ 1 , while if R 0 > 1 , the disease-free equilibrium is unstable and there exists a unique endemic equilibrium which is stable. Fig. 3 is an illustration of Theorem 2 , showing the GAS of the disease-free equilibrium of model system (7) using various initial conditions when β I = 0 . 002 , β F = 0 . 002 and β E = 0 . 001 (so that R 0 = 0 . 4552 < 1 ). All other parameter values are as in Table 1 . It illustrates that the disease disappears in the host population when R 0 ≤ 1 . Fig. 4 shows the stability of the endemic equilibrium Q * of model system (7) as demonstrated in Theorem 3 when β I = 0 . 02 , β F = 0 . 02 and β E = 0 . 01 (so that R 0 = 3 . 9034 > 1 ). All other parameter values are as in Table 1 . Although the stability of the endemic equilibrium have been established analytically in a neighborhood of R 0 = 1 , numerical simulations show that the endemic equilibrium is stable over a wide range of values of R 0 > 1 . Now, numerical simulations are carried out to investigate the impact of varying the proportion of symptomatic infected individuals, the effect of the virulence of bacteria and the role of the population of phytoplankton and zooplankton on the dynamical transmission of cholera within a human community. In all simulations, the transmission rates are chosen to be β I = 0 . 02 , β E = 0 . 01 and β F = 0 . 02 (so that R 0 > 1 ). All other parameter values are as in Table 1 . In all simulations, model system (7) (7) . The notations DFE and EE stand for disease-free equilibrium and endemic equilibrium, respectively. Case 1 : Most people infected with cholera (80%) are asymptomatic and appear healthy although they carry the bacteria for two or three weeks and excrete them in wastewater. Since they carry bacteria for a long time than symptomatic infected without knowing, they can infect people around them. They contributes more to the spread of the disease [2, 25] . Symptomatic infected can live with the disease for five day maximal.
To study the impact of the proportion of asymptomatic infected individuals on the outbreak of the infection, model system (7) was simulated for three different values of 1 − p: 1 − p = 0 . 9 (so that R 0 = 4 . 1581 ), 1 − p = 0 . 8 (so that R 0 = 3 . 9034 ) and 1 − p = 0 . 5 (so that R 0 = 3 . 1392 ). From Fig. 5 (a) , it is evident that as p increases (i.e. 1 − p decreases), the total number of infected individuals decreases. This means that the presence of asymptomatic infected individuals within a human population contributes considerably to the spread of the disease. Since asymptomatic infected individuals are healthy carriers, it's difficult to identify them within a heterogeneous population for a possible treatment or isolation. Hence, it is urgent to educate the public on hygiene rules to avoid the intersection of the food chain with excrement chain. Case 2 : Here, we are interested to the case when the bacteria become more virulent. Without loss of generality, we assume that θ v and ϕ v have the same value, that is θ v = ϕ v . Model system (7) was simulated for three different values Fig. 5 (b) , the effect of virulence bacteria on infected people seems to be limited from θ v = ϕ v = 0 . 3 . This is du to the contacts between infected people and bacteria. Thus, even if bacteria are too virulent contact with human, adequate contacts between human and bacteria are necessary to trigger or favorise an cholera epidemic. Case 3 : According to biological review, the environmental reservoirs of V. cholerae promote the growth of the bacteria in the aquatic environment [45] [46] [47] [48] . Fig. 6 (a) shows the effect of varying the carrying capacity of the population of . It clearly appears that as M p increases, the concentration of the total bacteria increases. This is why, it is recommended to clean or destroy the potential risk areas where these reservoirs are growing. This will result on the reduction of the value of M p . Case 4 : Simulation results in Fig. 6 (b) illustrate the impact of varying the proportion of environmental bacteria that survives after their association with aquatic reservoirs on the dynamics of bacteria for three different values of η: η = 0 . 01 (so that R 0 = 4 . 1581 ), η = 0 . 3 (so that R 0 = 5 . 1322 ) and η = 0 . 6 (so that R 0 = 6 . 6087 ). As expected by the result obtained in [49] , it confirms the critical role of the reservoirs on the endemicity of cholera. Thus, the commensal association between bacteria and reservoirs may play an important role in the outbreak of cholera epidemic by favoring persistence of the pathogen during inter-epidemic periods.
Impact of environmental factors
Many studies in the literature supported that the bacteria associated with the zooplankton showed seasonal abundance, with the largest numbers occurring in the early spring and again in the summer, when zooplankton total numbers were correspondingly large [5] [6] [7] [13] [14] [15] [16] . Approximately 0.01-40% of the total water column bacteria were associated with zooplankton, with the percentage of the total water column bacteria population associated with zooplankton varying by season. Indeed, the variation of environmental factors may explain the seasonality of the disease either by exerting a direct influence on the bacterial reservoirs capacity ( M p ) or even on their metabolism ( ϕ v , ϕ b , θ v , θ b ) [46] . Thus, the parameters ϕ v , ϕ b , θ v , θ b and M p of model system (7) are assumed to be time-dependent parameters.
The virulent bacteria proportion in term of temperature ( T ) can be modeled as:
Also, the parameter θ v can be modeled as follows:
where ε measures the capacity of environmental bacteria to face unfavorable conditions. If a living bacteria is not virulent it is assumed to be "viable but non-culturable" so that we have
The carrying capacity M p of V. cholerae in the environment is assumed to be the following periodic function:
Note that M p is a periodic function with the period P = 365 days. Without loss of generality, we choose M mean = 10 6 and ˜ k = 0 . 99 . 
Now, we derive some simulations in order to evaluate the both impact of metabolic change and density reservoirs in bacteria and infected population. Model system (7) is simulated with the time-dependent parameters ϕ v , ϕ b , θ v , θ b and M p . Fig. 8 is obtained for three different values of η which represents the commensalism intensity between bacteria et reservoirs. From Fig. 8 (a) , it clearly appears that this association play an important role on the persistence of bacteria in environment. Also, from Fig. 8 (b) , one can observe that the commensalism force η does not impacts evenly the number of infected people. This implies that cholera epidemic can be limited or avoided even if the associated reservoirs of bacteria are exponentially growing. Fig. 9 presents the result of numerical simulations of model system (7) for three different values of the mean number of bacteria reservoirs M mean . It illustrates the growth of bacteria is also exponential when M mean grow, but that of infected is relatively moderate like previously. (7) showing the effect of mean reservoirs capacity M mean on (a) bacteria density and (b) infected population.
Conclusion
In this paper, we have proposed and analyzed a deterministic model for the dynamical transmission of cholera within a human community. The considered model takes into account the change of metabolism of bacteria and the commensal relationship of bacteria with the environmental reservoirs on the persistence of the disease. Indeed, in many cholera models in the literature, these biological facts have been neglected through unrealistic assumptions such as V. cholerae are always virulent [16] and at birth, V. cholerae are hyperinfectious, lose their virulence after certain time and remains non hyper infection until the end of their live [19, 20] .
In this work, we have considered a mathematical model for the dynamical transmission of cholera in which the following biological and epidemiological facts are incorporated: (i) the waning of recovery-induced of immunity of recovered individuals (ii) the virulence of bacteria and (iii) the commensal relationship between bacteria and the population of phytoplankton and zooplankton. The objective was to investigate the impact of environmental factors on the dynamical transmission of cholera within a human population. A qualitative analysis of the model has been presented. Our findings on the long term dynamics of the system can be summarized as follows.
1. We computed the disease-free equilibrium and derived the basic reproduction number R 0 that determines the outcome of the disease. 2. We proved that the disease-free equilibrium is globally asymptotically stable whenever R 0 ≤ 1 on a positively invariant region. 3. We showed that the model has a unique endemic equilibrium when R 0 > 1 . We also established the local asymptotic stability of the unique endemic equilibrium when R 0 > 1 but close to 1. 4. The sensitivity analysis of the system has been performed. We found that in an epidemic situation it is urgent to sensibilize population about the risk of transmission through contact and to take on charge rapidly the infected people by isolating them from susceptible 5. Numerical results have been presented to illustrate and validate theoretical results. Though numerical simulation, we found that the aquatic reservoirs are playing a significant role among the factors explaining the causes of endemicity of these disease.
Different im provements and extensions of the model on which we are still working include: introducing of timedependent parameters in order to integrate fluctuation of environmental factors du to periodic variations of climate, control strategies and extension to 2 patches.
